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Finite Element Eigenvalue Method
for Solving Phase-Change Problems
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An eigenvalue method has been developed for solving multidimensional phase-change problems with the initial
temperature at noncritical temperature. This method gives a closed-form analytical expression for the temper-
ature field in terms of the eigenvalues and eigenfunctions of a characteristic equation derived from the generalized
coordinate Lagrangian form of the heat conduction equation with phase change. The method yields reasonably
accurate results with a coarse finite element mesh. It also has no critical time-step restrictions for stability.
When long-time solutions are needed, excessive numerical computations are required by conventional finite
difference or finite element methods due to the small time steps needed for time marching. With the present
method, large time steps can be chosen to approximate the phase-change rate. In addition, only a few dominant
eigenvalues and eigenfunctions are needed to achieve the same results obtained by using the complete set. These
features result in very significant savings in computing time. For both the examples of one-dimensional soli-
dification and solidification within a square, solutions can be obtained within a few iterations if appropriate
relaxation factors are used. The results using the present method compare well with the exact solution for the
one-dimensional problem and with a semianalytical similarity solution for the square.
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Nomenclature
surface area
defined by Eqs. (2c), (12d), and (18b)
thermal stiffness matrix or tensor
vector of nodal heat load resulting from
specified nodal temperature
vector of nodal heat load resulting from
phase change
defined by Eqs. (44) and (45), respectively
Biot number, •= hDlk^
capacitance matrix or tensor
vector of nodal heat load resulting from
specified time derivative of nodal tempera-
ture
boundary convection matrix or tensor
specific heat
vector of boundary nodal heat load result-
ing from specified boundary nodal tempera-
ture
characteristic length
defined by Eqs. (30), (31), and (43), re-
spectively
defined by Eqs. (2a) and (12a)
defined by Eqs. (10a) and (12b)
defined by Eqs. (18a) and (20)
defined by Eq. (32)
local heat flux at second boundary condi-
tion
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Fourier number, = [/:0/p0c0Z>2]r
dimensionless time step
fraction of phase change, defined by Eq.
(3a)
specific enthalpy
convection heat transfer coefficient
interface or area of interface
thermal conductivity
latent heat of fusion
outward normal to V
normal to interface toward a region
relaxation factor
principal coordinates, defined by Eq. (24)
part of ps, conduction effect
part of ps, phase-change effect
defined by Eqs. (16) and (21)
generalized coordinates, defined by Eqs.
(13) and (22)
dq/dt
defined by Eqs. (2b), (lOb), (12c), and (15)
Stefan number, = c0(Tf - T0)/L
temperature
time
volume
phase-change effect, defined by Eq. (46)
time rate of phase-change effect, defined by
Eq. (lOa)
spatial coordinates
eigenvector matrix, defined by Eq. (24)
defined by Eq. (26)
defined by Eq. (27)
triangular area
dimensionless temperature, = (T - T0)/(Tf
~ T,)
eigenvalues
defined by Eq. (29)
density
normalized eigenvectors
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Superscripts

m
finite element index
time level
eigenmode index

Subscripts
a = state before phase change
b = state after phase change
/ = condition of fusion
g, h = condition at known node
/ = generalized coordinate index
/ - liquid state
/, m = condition at unknown node
o = initial, or arbitrary, reference condition
s = solid state, eigenmode index
w = wall
oo = ambient condition

Introduction

H EAT conduction with phase change occurs in nature and
in many engineering systems, such as casting and weld-

ing of metals and alloys, freezing and thawing of water in
lakes, as well as foodstuffs, thermal energy storage, and aero-
dynamic ablation, etc. Phase-change problems possess a high
degree of nonlinearity since the phase-change interface is an
unknown function of time. There are very few phase-change
problems with exact solutions.1 Several approximate and nu-
merical techniques have been developed. The approximate
methods, such as the integral method,2 variational method3

and perturbation method,4'5 are usually restricted to one-di-
mensional problems. A semianalytical similarity solution6 to
the solidification of a liquid filling the quarter-space of a two-
dimensional corner with constant-temperature boundary con-
ditions is available. Many numerical methods have also been
proposed, and a recent review of some of the finite-difference
methods is given in Ref. 7. Other interesting methods are the
thermal migration method,8 fitting body coordinate system
method,9 thermal capacity or enthalpy method,10'11 Green
functions or boundary element method,12-13 and finite element
method using a moving mesh.14 Many of these methods can
deal only with some particular situations, and the applicability
is limited. As a result of its inherent mathematical complexity,
the multidimensional phase-change problem with an initial
noncritical temperature has received very little attention in
the published literature.5'6

Numerical solutions of phase-change problems usually can
be divided into two types: temperature-based method or en-
thalpy-based method. In the former method, there is a dif-
ficulty associated with the discontinuity of the temperature
gradient at the phase-change interface. To overcome this,
calculations are made in two separate regions divided by the
moving phase-change boundary. The latter method avoids the
need to solve two moving boundary problems. The intent of
this paper is to present an eigenvalue method with fixed finite
elements using the enthalpy model. This method is based on
the establishment of a enthalpy form of the generalized var-
iational principle. The eigenvalue method provides a closed-
form expression for the temperature field in terms of the
eigenvalues and eigenfunctions of the problem. Closed-form
expressions are highly desirable for coupled problems, such
as the thermal-mechanical coupling in thermal stress calcu-
lations. Another advantage of the present method is the sta-
bility of the calculations to arbitrarily large time steps.

In this paper, first, we will consider the transient phase-
change problem with constant thermophysical properties.
Problems with variable properties will be considered in a
forthcoming paper. To verify the validity of the eigenvalue
method, calculations were performed for two phase-change
problems. The first one is the one-dimensional solidification
of a long slab, and the results are compared with the available
exact solution.1 The second problem is concerned with the

solidification inside a square starting from one corner. Again,
the results are compared with the semianalytical solution of
solidification in an infinite two-dimensional corner.6 In both
examples, the initial temperatures are higher than the critical
(or melting) temperature.

Generalized Variational Form
for Phase-Change Heat Conduction

For an arbitrary volume V that is fixed in space (Fig. 1),
the energy equation without convection transport is

dxa dx
= dH_
" P dt (1)

The Galerkin variational formulation equivalent to Eq. (1)
can be written as

8E + dR = 8AV

where

£ = 2

8R = p — dTdV

8AW = — 8TdAdn

(2)

(2a)

(2b)

(2c)

and A is the surface area of the control volume V.
The enthalpy within the control volume can be written as

H=fHb ~ f ) H a (3)

where the subscripts a and b represent the states of the sub-
stance in the control volume before and after phase change.
For the case of solidification, a is the liquid state and b is the
solid state, with Ha = Ht = ctT + L, and Hb = Hs = csT,
where L is the latent heat. For the case of melting, a and b
denote the solid and liquid states, respectively, and Ha = Hs
= csT,Hb = H, = c,T + L.

The mass fraction / is defined by

P.Va + PbVb
(3a)

It can be shown that the variational form of Eq. (2) is the
same as the one for the single-phase heat conduction15 for the
case of / = 0.

interface I

n

Fig. 1 System with phase change.
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According to the variational form for a single phase,15 we
have in the a region:

dEa + 8Ra = (5Aw)a

where

f i,dT
= Lk°Tn

In the b region:

/*•?Jia dn

8Eb + 8Rb = (8Aw)b

<•-&*>$«
SRb = STdV

(8Aw)b=

= I
j

kb^8TdA +Ab dn f kb^Jib dn 8TdA

(4)

(4a)

(4b)

(4c)

(5)

(5b)

(5c)

Differentiating Eq. (3) with respect to time yields

dH _ _r df , £__ dT , ^ r. __ dT

region and notice that STis arbitrary, Eq. (8) can be written
as

f kb^Jib dn dt (9)v '

This is the energy conservation relation of the phase change
across the interface. So far, it has been shown that the gen-
eralized variational principle [Eq. (2)] is applicable whether
or not the phase change exists in the system.

If we substitute Eq. (6) into Eq. (2), the variational prin-
ciple is converted to the following form, with temperature
being the dependent variable instead of enthalpy:

8E + 8Ef + 8Rf = (10)

where

E = _ f WTdV,f Jv

{ ^L
~ JvpC dt

W = ±pLf (lOa)
dt

8R' 8TdV (lOb)

Dimensionless Variational Form
and Corresponding Lagrangian Equation

The variational principle can be expressed in nondimen-
sional form by introducing the following nondimensional
quantities:

* *« A A T7 V

*' = D' A = -D* V=D^

* = £> ~P = ~> * = £
^•o Po co

T — T k
/) _ *•______fO 7- _ K0

Tf - T0'

Ste - «Ff ~ T°>

r.7
Poc0D2 *, = ̂

DF

where the upper and lower signs correspond to the cases of
solidification and melting, respectively. For constant prop-
erties, HI - Hs = L (this equality has been used earlier).

Substituting Eq. (6) into Eq. (2b),

dR = T f PL^
Jy dt

8TdV + 8Ra + 8Rh (7)

Substituting Eq. (7) into Eq. (2) and using Eqs. (4), (4c),
(5),(5c), and

8E = 8Ea -f 8Eb.

and

we obtain

8AW = I kab^
JAa + Ab dn

8TdA

f kaJ'a f kb^8TdA = ± fJ/b dn J dt

(8)

The nondimensional variation form of Eq. (10) is

where

8E + 8Ef + 8R' = 8AU

8A

/ = ~ Jv

= I pc ——
Jv dFo

= J f c rJA dn
80dA

(12)

(12a)

(12b)

(12c)

(12d)

The bars over the dimensionless variables have been omitted
in the preceding equations.

Now, the temperature field is expressed by using a set of
generalized coordinates q^Fo):

If we denote np as the normal to interface / toward the a 0 = B(qi9 xa), i = 1,2, (13)
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From the variational principle [Eq. (12)], the following La-
grangian equation can be derived:

d(E +
^

dR '
—— = Qt,

where

{= J
de de A A— — dAA dn dqf

i = 1, 2, . . . , n (14)

(15)

(16)

The variational principle [Eq. (12)] and corresponding La-
grangian equation [Eq. (14)] are applicable to any boundary
conditions. We will consider the following nondimensional
boundary conditions:

0 = 0. on

on A2

k — =dn - ») on

(17a)

(17b)

(17c)

where Al9 A2, and A3 are the surface areas for boundary
conditions of the first, second, and third kinds, respectively.
Equation (12) can be written as

8EW + 8E + 8R' = 8A'W

where

8EW = B
J A3

= JA2A3

(18)

(18a)

(18b)

This variational form [Eq. (18)] leads to the following La-
grangian equation:

d(E Ef) dR' _

where

,
2

Qi = IJA2,A3
- dA

(19)

(20)

(21)

Discrete Analytical Solution
Suppose that the finite element approximation function for

6 is chosen as

0<«) = #<«>0<«> + NfW (22)

where N$e\xa) is the local position function, and qfe) and
6(/} represent the unknown value of 0 at node / and the known
value at node g, respectively. Following a procedure similar
to Ref. 15 together with Eq. (22), the global form of functions
E, Ef9 Rr, EW9 and Q- can be evaluated by summing the
contribution of the individual elements from Eqs. (12a)/(12b),-

(15), (20), and (21). Equation (19) can be cast into the fol-
lowing ordinary differential equation system:

[A + C] {q} + [B] {q} = {Q' - a' - a" - b - c} (23)

where [A] = (atj)n^ [B] = (fc / y)w x i l , and [C] = (c /y)nxil are
the symmetric matrices, with n the number of generalized
coordinates. {Q'}, {a'}9 {a"}, {b}, and {c} are the n-dimen-
sional vectors. The expressions for a$9 bfa\ c$9 a\(e">,
a"(e\ Z?/(e), c[e\ and Q$e\ for an element are given in Ap-
pendix A.

Equation (23) can be converted to an eigenvalue problem,
and the discrete analytical solution can be obtained by fol-
lowing a similar procedure given in Ref. 15. We introduce
the principal coordinates/^ (s = 1, . . . , n), which is defined
by

(24)

where [Y] = (}>*)„x« and yis = c(5)$/5), which are the nor-
malized eigenvectors given later in the paper.

The equation for the principal coordinates can be deduced
from Eq. (23) as

where

<*,ps + &/>, = w, - d's -

M}T [A + C]

- es

es =

(25)

(26)

(27)

(28)

(29)

(30)

(31)

(32)

\s and c(5)<^/5) are the eigenvalues and the corresponding
normalized eigenvectors determined from the following ei-
genequation:

[A + C- \B] W = {0} (33)

The numerical calculations for Eq. (33) can be carried out
using EISPACK16 or IBM library routines.

Equation (25) can be separated into

Ps = Ps + Ps

<*sPs = KS ~ s - es

<xsp"s

(34)

(35)

(36)

In Eq. (34), p's is the contribution tops due to pure conduction
alone,15 and p" indicates the part due to phase change.

For \s —> oo, we can set as = 1 to normalize the eigenvector,
and the solutions for Eqs. (35) and (36) are

p's(Fo) = TTS - d's - es

n" — — d"
Ps — as

(37)

(38)
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For \s ± °°, by setting ft = 1 for normalization, the so-
lutions to Eqs. (35) and (36) are

For A = 0:

p',(Fo) = exp[-A5(Fo - FoQ)] (IT, - d's
JFoo

- e.) exp[As(Fo - Fo0)] dFo + p,(Foa) (39)

and

P;(Fo) = exp[-As(Fo - Fo0)]

(40)

where ps(FoG) is the initial value of ps and can be evaluated
from the initial temperature distribution.

If (TTS - d's - es) is independent of time, Eq. (39) can be
integrated to yield:

For Ac ± 0:

pi(Fo) = ' [-A,(Fo - Fo0)]

(41a)+ pg(Fo0) exp[-\s(Fo - FoQ)]

For A, = 0:

p',(Fo) = (TTS - d's - es)(Fo - Fo,) + Ps(Fo0) (41b)

The integration of Eq. (40) needs special discussion. The
variable d"s represents a total phase-change aspect of the sys-
tem. Using Eq. (31), the expression for a"^ in Appendix A,
and the nondimensional form of W in Eq. (11), d" can be
written as

dFo

where

(42)

(43)

(44)

(45)

In Eq. (44), A^ = 1 for / = i and 0 for / ± i.
The nonlinearity of the phase-change problem is reflected

in the unknown / or d". The time domain is divided into
several stages, and over each stage &" is approximated as a
linear function of time. Thus, the time derivative in Eq. (42)
can be written as a backward difference,

d: = AFo (47)

and d" is constant in the time increment AFo = (Fo)n
(Fo^m,^ Equation (40) can be integrated to give

For A ± 0:

- exp[-A,(Fo - Fo0)]} (48a)

p»,(Fo) = -d"s(Fo - Fo0) (48b)

Here, Fo and Fo() represent (Fo)m and (Fo)w_ l 5 respectively.
From the preceding equations, the unknowns p's, p", ps,

qi9 and f(e} (or d") at time level m can be obtained by an
iterative process provided that these are known at the previous
time level m — i. The initial values ps(Fo0) in Eqs. (41) can
be evaluated from the known temperature distribution q-(
using the following (see Ref. 15):

- [Y]T [A + C] {q}, \s -» °° (49)

Description of Two-Phase Triangular Elements
We consider the triangular element with three nodes (/, /,

K). The temperatures at these nodes are either a function of
time or specified as boundary conditions. The phase-change
interface divides the element into a and b portions. The def-
inition of fraction f(e} in an element is given by Eq. (3a) and
f(e) varies from 0 (no phase change) to 1 (complete phase
change). Figure 2 shows all of the possible cases of a two-
phase element. The fraction/(e) is determined by using linear
interpolation of nodal temperatures.

In the numerical procedure, the first step would be to take
f(m ~ f{m-1 > ar*d the system of equations may be solved for
the unknown temperature field at time level m provided the
solution is known at time level m — I . This allows a new
/<*> to be calculated. An improved solution can then be found
by solving again for the unknown temperature field using the
Updated values of the fraction f(e\ This process is repeated
until the convergence requirement is satisfied.

Numerical Examples
To test the validity of the numerical procedure, we use two-

dimensional triangular elements to solve a one-dimensional
half-space solidification problem with ks = kt = pscs = plcl
= 1. The initial temperature is uniform with 00 = 1.3, which
is greater than the fusion temperature 6f = 1. For Fo > 0,
the surface temperature 6W at x ~ 0 is maintained at zero.
The computational domain for the semi-infinite half-space is
shown in Fig. 3. Adiabatic boundary conditions are imposed
on the surfaces at x = 5.5, y — 0, and y == 0.2. The results
of the interface position vs time and the temperature distri-
bution along the midline (y = 0.1) for Ste = 4 are shown in
Table 1 and Fig. 4, respectively. Also shown are the results
from the exact solution given in Ref. 1. The relaxation factor
P used is 1. Only eight or nine iterations are needed to achieve
a convergence criterion so that the percentage change be-
tween the temperatures or two successive iterations at every
node is less than 0.005. It can be seen that the present results
agree very well with the exact solution.

For Ste = 0.25, the results of the interface positions and
temperature distributions are presented in Table 2 and Fig.
5, respectively. For this small Ste, underrelaxation was used
with P = 0.1. The number of iterations is usually less than
30. Again, the agreement between the present results and the
exact solution is very good.

It should be noted here that there is no time-step restriction
for the present numerical technique as far as numerical sta-
bility is concerned. The results shown in Figs. 4 and 5 at any
Fo were obtained directly from the initial condition. The ef-
fects of time-step size on the accuracy of the results will be
discussed subsequently.

The second example considered is the two-dimensional so-
lidification within a square at an initial temperature 0() = 1.3.
At Fo > 0, the surfaces at x ~ 0 and y = 0 are maintained
at 0H, = 0, and the surfaces at x = 1 and v = 1 are adiabatic.
As a result of symmetry, the finite element arrangement is
shown for only half of the square (see Fig. 6). For Ste = 4,
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interface

(a) A^ 0, Aa - A - i (b) , A - A-A,a D

interface interface

J(

<0

J(Oj<
>D

L- A-A

(e) - A , A - 0.

Fig. 2 Two-phase triangular elements (0 ^ 1, etc.: upper sign for freezing; lower sign for melting).

a e

3.0 4.0 5.0

Fig. 3 Finite elements for one-dimensional half-space.

Table 1 Comparison of interface positions for solidification in
__ one-dimensional half-space (Ste = 4)

Present method, AFo =
Fo
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

Exact

0.448
0.633
0.775
0.895
1.001
1.096
1.184
1.266
1.343
1.415

0.05
0.463
0.645
0.785
0.893
0.993
1.087
1.174
1.252
1.325
1.394

0.1

0.468
0.648
0.787
0.897
1.000
1.092
1.180
1.260
1.329
1.398

0.2

0.658

Q.908

1.102

1.270

1.409

0.5 Fo - 0

0.468
0.658
0.803
0.927

1.036 1.036
1.133
1.224
1.306
1.386

1.438 1.461

the temperature distributions along the symmetry line (x =
y) and the interface positions are various Fo are given in Figs.
1 and 8, respectively. The time step chosen was 0.01. Also
plotted in Figs. 7 and 8 are the analytical results of freezing
in an infinite two-dimensional corner.6 The present results
agree quite well with the analytical solution for the temper-
ature field, including the symmetry line (x = y) even though
the analytical solution is for the infinite quarter-space instead
of a square. However, the interface positions obtained by the
present method disagree somewhat with the analytical results.
The main reason for the slight disagreement is because the
interface positions are obtained by a simple linear interpo-
lation of the nodal temperatures (see Fig. 2). In addition, the
disagreement is larger near the symmetry line because the
length of the grid in the 45-deg direction is larger than that
in the horizontal direction.



OCT.-DEC. 1991 FINITE ELEMENT EIGENVALUE METHOD FOR PHASE-CHANGE 595

0.0 0.5 1.0 1.5 2.0 2.5 3.0
0.0

Fig. 4 Temperature distributions during freezing of one-dimensional
half-space (Ste = 4).

Table 2 Comparison of interface positions for solidification in
one-dimensional half-space (Ste = 0.25)

Present method, AFo
Fo Exact 0.1 0.5 Fo
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

0.199
0.281
0.344
0.397
0.444
0.487
0.526
0.562
0.596
0.628

0.200
0.287
0.353
0.408
0.455
0.500
0.538
0.574
0.610
0.641

0.200

0.356

0.458

0.540

0.647 0.647

1.4

1.2-

1.0

0.8-
D
0.6-

0.4-

0.2-

0.0

Fo=0.1

present
exact

Ste=0.25
0o=1.3
0 f =1.0
ew=o.o

0.0 0.5 1.0 1.5
X

2.0 2.5 3.0

Fig. 5 Temperature distributions during freezing of one-dimensional
half-space (Ste = 0.25).

As in the previous example, with Ste = 4, no underrelax-
ation (P = 1) was needed to achieve convergence. However,
when the Stefan number is small, phase-change effects assert
a more dominant role in the heat transfer process and the
problem becomes more nonlinear. In such cases, underrelax-
ation is required to obtain convergence. Figure 9 shows the
effect of the relaxation parameter P on the iteration process
for the temperature at a location inside the square (x = 0.1
and y = 0.05) at Fo = 0.1. The Stefan number is 0.1. For P
= 0.5 and 1, the iterative process does not converge. The
process converges only if P is 0.4 or less. The convergence is
fastest with P = 0.3. Finally, based on the observations from
a large number of computer runs, it can be concluded that
the iterative process depends predominately on Ste and very
little on Fo and the time-step size.

Fig. 6 Finite elements for a two-dimensional square.

1.4

1.2

1.0-

0.8-
<D

0.6-

0.4-

0.2-

0.0

Fo=0.01

_ present
. analytical
Ste=4.0
90=1.3
e f =1.0

0.0 0.2 0.4 0.6 0.8 1.0
x=y

Fig. 7 Temperature distribution along symmetry line.

1.0

0.8-

0.6 H

0.4-

0.2-

0.0-

analytical

AFo=0.01 Fo=0.15

0.01 £

0.0 0.2 0.4 0.6
X

0.8 1.0

Fig. 8 Interface positions vs time.
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Table 3 Contributions of eigenmodes for solidification in one-dimensional half-space
(Fo = 0.5)

Ste = 4

Table 4 Contributions

s \s

I 4.9407
2 25.304
3 46.373
4 67.625
5 92.987
6 135.99
7 137.37
8 164.80
9 225.02

10 236.05
11 269.80
12 285.75
13 344.78
14 373.79
15 412.80

1.4- ——————

12- Ste=0.1
. e0=u

^ 1-°- Fo=0.1

s A,

1 0.0788
2 0.7360
3 2.0816
4 4.1478
5 7.0166
6 10.826
7 15.352
8 21.408
9 27.806

10 35.200
11 44.014
12 49.058
13 63.771
14 82.478
15 105.89
16 131.47
17 160.11
18 196.85
19 232.80
20 265.69

P',
1.1877
0.3027
0.1063

-0.0348
0.0101
0.0020
0.0000

-0.0003
0.0002
0.0001

-0.0000
0.0000

P"
0.0021
0.0055
0.0069

-0.0058
0.0030

-0.0003
0.0025

-0.0033
0.0023
0.0012
0.0001

-0.0007
-0.0014
-0.0008
-0.0002

0.0006
0.0004

-0.0001
-0.0003
-0.0003

of eigenmodes for solidification
(Fo = 0.1)

Ps

-0.5045
0.0507
0.0014

-0.0021
-0.0006

0.0008
-0.0006
— 0.0004

o'oooo
0.0001
0.0000

H

H

P"
-0.0067

0.0030
0.0022

-0.0042
0.0002
0.0011

-0.0015
-0.0021

0.0006
0.0012

-0.0003
-0.0001

0.0004
-0.0007
-0.0008

Eh P=0.2
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Fig. 9 Effect of relaxation factor P on iterative process.

Effects of Time Step on
One of the major advantages of the

Accuracy
eigenvalue method for

Ste = 0.25

Ps P> P" Ps

1.1898 1.2051 0.0066 1.2117
0.3082 0.3462 0.0187 0.3649
0.1132 0.1577 0.0285 0.1862

-0.0406 -0.0778 -0.0339 -0.1117
0.0131 0.0402 0.0362 0.0764
0.0017 0.0189 0.0325 0.0514
0.0025 -0.0090 -0.0280 -0.0370

-0.0036 0.0035 0.0208 0.0243
0.0025 -0.0012 -0.0126 -0.0138
0.0013 -0.0005 -0.0083 -0.0088
0.0001 0.0001 0.0018 0.0019

-0.0007 -0.0000 -0.0009 -0.0009
-0.0014 0.0034 0.0034
-0.0008 0.0059 0.0059
-0.0002 -0.0062 -0.0062

0.0006 -0.0049 -0.0049
0.0004 0.0034 0.0034

-0.0001 0.0014 0.0014
-0.0003 -0.0001 -0.0001
-0.0003 -0.0000 -0.0000

of Eq. (40), a backward difference approximation to d" in
Eq. (42) was used. Fortunately, the variable d", which is an
indication of the fraction of the domain that has undergone
phase change, is usually a slowly varying function of Fo. This
allows rather large time steps to be taken and still retains
good accuracy of the numerical solution. For the unidimen-
sional solidification problem, the influence of AFo on the
numerical accuracy is shown in Tables 1 and 2. Although the
results are better for smaller AFo, the results using the largest
possible 8Fo ( = Fo) are still reasonably accurate. The tem-
perature distributions obtained using AFo = Fo compare very
well with the exact solution (see Figs. 4 and 5).

For the case of two-dimensional solidification within a square,
the results obtained with AFo = 0.01 and Fo are compared
with the analytical solution of freezing at the corner of the
infinite quarter-space in Fig. 7. It is clear that the size of the
time step has very little influence on the accuracy of the nu-
merical results, except near the point of complete freezing.

If a quadratic approximation for ct" is used instead of a
linear approximation, even larger time steps can be taken
without sacrificing the accuracy of the numerical solution.

Partial Set of Eigenvalues and Eigenvectors
For the case of heat conduction with no phase change, an

important feature of the eigenvalue method is that only the
dominant (small) eigenvalues and their corresponding eigen-
vectors need to be calculated to achieve accurate results.15

This characteristic also exists when phase change occurs. Tables
3 and 4 indicate the contribution of the dominant eigenmodes
and their contribution to the principal coordinates p's , p", and
ps for the one- and two-dimensional problems. It is safe to
state that the eigenmodes with \s > 200 do not contribute to
the principal coordinates and, in turn, to the generalized co-
ordinates (nodal temperatures). Temperatures at some rep-
resentative locations for both examples are also plotted as a
function of the number of eigenmodes in Figs. 10 and 11.
Again, it is clear that only a small fraction of the eigenmodes
are needed, namely, those with smaller eigenvalues. Since
most of the computer time is used to compute the eigenvalues
and eigenvectors, exploitation of this feature clearly leads to
significant savings in computer time.

the heat conduction problem without phase change is that the
numerical solution contains no error in the time domain and
there is no time-step restriction due to numerical stability
consideration.15 Hence, the time step AFo should be as large
as possible. However, with phase change, in the integration

Conclusions
The finite element eigenvalue method presented herein can

deal with the multidimensional heat conduction problem with
phase change initially not at the critical temperature. The
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Fig. 10 Contribution of eigenmodes for freezing in a one-dimensional
half-space.

1.4

1.2-

1.0

0.8-

0.6-

0.4-

0.2-

0.0

0.4
Fo=0.1
Ste«4.0

x=y=0.2

0 6 12 18 24 30 36 42 48 54 60 66
Number of Eigen-modes, s

Fig. 11 Contribution of eigenmodes for freezing in a square.

present method is attractive because of its inherent stability,
rapid convergence, and use of a relatively coarse element
mesh and arbitrarily large time steps. The use of large time
step leads to very significant savings in computer time when
solutions with long time duration are needed. With conven-
tional methods, time marching with very small time steps is
necessary. The characteristic that accurate results can be ob-
tained only with the dominant eigenmodes can lead to further
reduction in computer time. Furthermore, this method pro-
vides closed-form expressions for the temperature field. These
closed-form expressions are very convenient for solving cou-
pled problems, such as solid-fluid and thermal-structure in-
teractions.

Appendix A
By using the element shape function [Eq. (22)] in Eqs.

(12a), (12b), (15), (20), and (21), the functions E«>, £}*>,
Rr(e\ E<£\ and Qi(e) for an element can be evaluated as
follows:

a"o=

= _ f
JV(e)

= 2 V"">'

JV(e)

P dV

0</>

(A2)

where

b,A
(A3)

where

= f
JA$

c(e} = ±C° 2

and

The global functions E, Ef, R', Ew, and Qf can be obtained
by summing the contributions from the individual elements.
Substituting the resulting global functions into Eq. (19) results
in the ordinary differential equation system [Eq. (23)]. The
matrices [A], [B], [C], {a'}, {«"}, {b}, {c}, and {(?'} can also
be obtained by direct assembly over all elements.
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